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Hcnonb3oBanrne MaTeMaTUUE€CKOTO MOACITUPOBAHUS JJISl OTTMCAHUS
HaIpsKEHHO-/1eOPMUPOBAHHOTO COCTOSIHUS SJIEMEHTOB BaJIKOBOT'O MOJTYJISI.
Maprsimienko B.A., [ToabssueB A.B.

(KocTtpoMmckoii rocyapcTBEHHBINM TEXHOJIOTUUECKUN YHUBEPCUTET)

PaccMaTpuBaroTcsi MaTeMaTUyecKue MOJIENH HANPSKEHHO- 1e(OopMHpOBaH-
HOTO COCTOSIHHSI JIEMEHTOB BAJIKOBBIX MOAYJIEH C PA3JIMYHBIM KOJIMYECTBOM BAJIOB
U PACIIOJIOKEHUEM B MOJYJIE.
KirroueBble ci0Ba: BaJl, BaJKOBBIA MOJYJIb, MaTe€MaTHYecKas MOJEb,
COHJBUY — DJIEMEHT.
Ban BajikoBOro Mojyisi MOXHO IPEICTaBUTh HAOOPOM CTEPIKHEBBIX 3JIEMEH-
TOB, COCIMHEHHBIX OMPEEICHHBIM 00pa3oM, KPYIJIOro WM KOJbLEBOrO Monepey-
HOTO CEUEHHUS. YPaBHEHUS COCTOSIHUSA W3ruMba Il OTAENbHBIX HM30JMPOBAHHBIX
CTEP)KHEBBIX JJICMEHTOB BIICPBbIC MOJy4YeHBbI paHee [1] ¢ yderom neiicTBus pac-
MpeeSIEHHbIX, COCPEIOTOUYECHHBIX Harpy30K U M3ruOaronmx MOMEHTOB. PaccMoT-
pUM YYacTOK Baja MOCTOSIHHOW KECTKOCTH IJIUHOUN ¥, Harpy>KeHHbIA Yy3J0BBIMU
COCPEIOTOYEHHBIMH MOMEHTAMM, CWJIAMH M DPACHPEACIICHHOW IOIEPEYHON
Harpy3kod (puc. 1). Tak kak KpHUBYIO HArpyKeHHs MOXHO alpOKCUMHUPOBAThH
HAO0OPOM MPSAMBIX JIUHUHM, TO OFPaHUYMMCS CIIyd4aeM JIMHEHHOTO 3aKOHA M3MEHe-

Hus Oy. Ha puc. 1 mokasaHsl OI0KHUTENBHBIE HATPY3KU.
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Hcnonezyem cnepyronme nuddepeHranbHble 3aBUCHMOCTH U3 TEOPUH TIPSi-
MOTO M3rr0a CTePIKHS:

dM,
Qy = ddQZ (1)
=g @
o __ % 3
V=L 3)

[MoxcranoBka (1) B (3) u aBoiiHoe auddepeHInpOBaHUe JacT JMHEHHOE
muddepenipanbHoe ypaBHEHNE 4-TO MOPsAKA OJHOPOIHOE WM HEOIHOPOTHOE B
3aBUCHMOCTH OT OTCYTCTBHS MJIM HATINYUS (.

d? d?v
dz2 Elxdzz = dy (4)

BBIpa)KeHI/IC qy B IIPOU3BOJIBHOM CCUYCHHH Y4aCTKa UMCCT BU/:

Qy=QZ(1_§)+CI1% ()

Tak Kak KOHTAKTHOE B3aMMOJECHCTBHE BAJIOB IIPOMCXOIUT 110 BCEH JIMHE, TO
BeCh BANKOBBIA MOnysb (BM) MOXXHO mpencTaBUTh HAOOpPOM Y4acTKOB, HE KOH-
TaKTUPYIOLIUX MEXTy cOoO0M (OAMHApHBIE WJIM MPOCThIE AJEMEHThI) U y4aCTKOB,
B3aMMOJICUCTBYIOIINX Yepe3 yIpyroe OCHOBaHUE (COHABHUY - 3neMeHThl) Koaddu-
LIUEHTHl YIPYTOCTH 3JACTUYHOIO MOKPBITHS HAa Ka)XJAOM MapHOM Y4acTKE MOTYT

HMMCTh PA3JIMYHBIC 3HAYCHUA UL Pa3IMYHBIX BCIMYMH Harpys3oK. I/IHTepec npea-

CTaBJIIET MaTeMaTU4ecKass MOJENb HaNpsKeHHO-ASPOPMUPOBAHHOTO COCTOSHUS
COHIBUY-IJIEMEHTA, YTO IO3BOJUT ONPEACIATh YAEIbHBIE HATPY3KH U HEPABHO-
MEPHOCTb UX paclpe/esiCHHs B yKayie BaIoB [2].

HarpyxeHue C3HIBHY - 3JE€MEHTA JIBYXBAJIKOBOTO MOJYJII B BEPTUKAIBHON
IJIOCKOCTH MPEJCTABICHO HA puUC. 2.

[Tox nmeticTBreM cu MpUKUMa Balibl AeGopMupyroTcs. PaccMoTpum mMojiens
MapHOTO 3JIEMEHTA, COCTOSALIYI0 U3 KOHTAKTHPYIOIIUX YYaCTKOB OOOUX BaJIOB 4Ye-
pe3 yIpyroe OCHOBaHHE, UMHUTHUPYIOIIEE 3JJACTUYHOE NOKPBITUE OJTHOTO WUIIU ABYX

BAJIOB C TKaHbIO Mexay Humu (Puc.3).



CBHI[BI/ILI - OJICMCHT JIBYXBAJIKOBOI'O MOAYJIsA
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MOI[@J'II/IpOBaHI/IC B3aUMOICHCTBUSI MMapHOro 3JICMCHTA.
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a) Hene(opMUPOBAHHBIN AITEMEHT
b) neopmMupoBaHHBIN FTEMEHT
C) cXeMa Harpy»KeHHUsI 2JIeMEHTa BEpXHEro M HIHKHETO Baja
d) cxema HarpyxeHus u feopmaIrii ynpyroro OCHOBaHHS
Jns cOHABUY - DJEMEHTOB JBYXBAJKOBOro MOyl auddepeHiranibHbie
YpaBHEHHS YNPYTUX JIUHUN UMEIOT BU/I;
Elvi" =g, (6)
E|2V2iv =02 (7)
rIe
Vi, V, — JUHEHHBIC MEPEMEIICHNs CCUYCHUN TMapHBIX AJIEMEHTOB JJIi HUKHETO U
BEPXHETr0 Bajla COOTBETCTBEHHO;
El;, El, - u3rubHbIe )X€CTKOCTH MAPHBIX AIEMEHTOB JIJIsl HUJKHETO U BEPXHETO BaJia
COOTBETCTBEHHO.
JIs 1OCTaTOYHO JKECTKHX BaJOB, OOCCIIEUMBAIONINX BEPXHUN M HIDKHHKA pa-
JUYCHhl KPUBU3HBI YIPYTOTO CJIOS 3HAYUTEIHLHO OOJIBINE TOJIIUHBI CAMOTO CIIOS

MOJKCM IIPUHATD:

Ji=-02=-x (ho—h(z2)) = - (Vi —V2) (8)
rae ¥ - Ko3pQGUUUEHT YIpyrocTd OCHOBAaHHS, MOJAEITUPYIOUIUI 3JIaCTUYHOE IO-
KpBITHE BAJIOB, IPUHUMAEMBIN ITOCTOSTHHBIM ISl PACCMATPUBAEMOTO JIIEMEHTA MPU
pElIEHNN YpaBHEHUM.

Ely vi" + x(v1—v2) =0 9

Elov," +y (v2— V1) =0 ©)

Tak kak cOOCTBEHHBI BEC BaJOB BAJIKOBOT'O MOJYJIS JOCTUIAae€T HECKOJbKHUX

COT KWJIOTPAaMMOB, TO IIPH ONPENEJICHHBIX TEXHOJOTMYECKHUX PEKHUMaX ITO CO-
CTaBJIIET 3aMETHYIO YacTh OT YCWIMS NMPUKUMA. B CBA3M C 3THUM CHCTEMY OJIHO-

ponHbIX auddepeHITnaNbHBIX ypaBHEHUN UIsi cTaTudeckoro anamusa JIBM (9.)

AOIIOJIHMM HCOAHOPOAHBIMHA YJICHAMM:

Elyvi" + 5(v1 — V) = 0y (10)
Elpv," +y (V2 — V1) = Qp



rae (1, (2 - COOCTBEHHBIN OTOHHBINA BEC BAJIOB.
TpexBankoBbiii Moayis (TBM) Takke mpeacTaBiseTcsi HAOOPOM yYacTKOB,
HE KOHTAaKTUPYIOIMIUX M0 padodeil mupuHe (OJUHAPHBIC WM MPOCTHIC SJIEMEHTHI)
¥ Y4acTKOB, B3aMMO/JICHCTBYIOIIMX Yepe3 YNPyroe OCHOBaHUE (TPOHHBIE COHJIBUY -
siteMeHThI) [3].
MopaenupoBaHue B3anMOIECUCTBUS TPOMHOTO AJIEMEHTA

TPCXBAJIKOBOI'O MOOYJIA B BCpTHKaHBHOﬁ IINTOCKOCTH
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Puc. 4.
a) Hene(popMUPOBAHHBIN JIEMEHT;
b) nedopMUpOBaHHBIN IEMEHT;
C) cXeMa HarpyXeHUs JJIECMEHTOB BAJIOB;

d) cxema HarpyxeHus u negopmaruii ynpyrux OCHOBaHUN



KoaddumumenTsr ynpyroctu MOTYT pa3audaThCsi HE TOJIBKO MO y4acTKaM, HO
U B Kajgax, B 3aBUCUMOCTH OT BHUJA 3JIACTUYHOTO MOKPHITHUS BajoB. [lomydyenue
YpaBHEHHS COCTOSIHUS M3ru0a COHABUY - AJIEMEHTA TPEXBAJIKOBOT'O MOJIYJIS MTO3BO-
JUT OMNpEACNsATh YACIbHbIE HArPY3KHM M HEPABHOMEPHOCTh UX pPACHpPEICIICHUS B
oboux >xanmax BajgoB. Hwke (Puc. 5) npencraBineHa mMojienb COHABUY - dJIEMEHTA

TPCXBAJIKOBOI'O MOAYJIA C OCAMH, PACIIOJIOKCHHBIMUA B OIIHOﬁ IINTOCKOCTH.

CZ)HI[BI/I‘-I - OJICMCHT TPCXBAJIKOBOT'O MOAYJIA
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Jledopmariii oceil BajOB TPEXBAJKOBOTO MOJYJIS OIMUCHIBAIOTCS CHUCTEMOM
Tpex nudPpepeHInaTbHbIX YpaBHEHUN
Elv," + 2(Vi-Vv2) =0
Ely V2" +x1 (Vo - Vi) 42 (V2 - V3) = 0 (11)
El3 V3" + xo(v3-V2) = 0
PaccmoTpum 3-X BasIKOBBIN COHABUY - DJIEMEHT, OCH KOTOPOT'O PaCIOjIoXKe-

Hbl CHMMETPUYHO, HO HE B 0JIHOM mtockoctu (Puc. 6).



CSHI[BI/I‘-I - QJICMCHT TPCXBAJIKOBOTO MOAYJIA C HCKOMIIIIAHAPHBIMHA OCSMU
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HanpaBnenuss NMHEHHBIX IEPEMEIICHUM M Y3JIOBBIX CHJI COBHAJAKOT C
HarnpaBJIeHHusIMU ocell Yi, Y, U Y3 COOTBETCTBEHHO, a M3rHOAIONIEe MOMEHTHI
JICWCTB YIOT COOTBETCTBEHHO B TUIOCKOCTSIX ATHX ocelt u ocu Z/

CoBmectHas nedopmaiuss u3ruda BajloB OMUCHIBAETCA cuctemMoil mudde-
PEHIIMAIIBHBIX YPaBHEHUM
( E|1d4V1/dZ4 + % (Vl -V Sil’l’Yl + Uo COS’Yl) =0
El,d*v,/dz* + % (V2 siny; — Vq — Up cosyy) siny +
Y5 (V2 sinys — vy + U, cosys) sinyz =0
) El,d*u,/dz’ - A (V2 siny; — Vi — Uy cosyy) cosy + (12)

% (V2 sinys — V3 + Uy cosys) cosys =0

L Elgd*va/dz* + %5 (V5 — V; sinys - Up cosys) = 0

Jlanee paccMOTPUM COHJIBUY - 3JIEMEHT4-X BaJIKOBOI'O MOJYJISL, OCH KOTOPO-
ro pacmnojiokeHsl B ogHoU Tiockoctu (Puc. 7). CoBmecTHas pedgopmanus u3ruda
BaJIOB OMKCHIBAETCA cucTeMoi AuddepeHIInanbHbIX YpaBHEHUN

El,d*va/dz* + 3, (Vi — V) =0

E|2d4V2/dZ4 + Y12 (V2 — V]_) + %2 (V2 - V3) =0
3 A A (13)
E|3d V3/dZ + A2 (V3 — V2) + Xz4 (V3 - V4)= 0

El,d*va/dz* + o34 (Va—V3) =0



CSHI[BI/I‘-I-BJ'ICMGHT YCTBIPCXBAJIKOBOT'O MOJIYJISI B OI[HOﬁ IIJIIOCKOCTH
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Puc. 7.

Jlnst 4-X BaJKOBOTO COHJBUY - AJIEMEHTA, OCH KOTOPOTO PaCHOJIOXKEHBI POM-
oom (Puc. 8), cumrtaem, YTO KECTKOCTH CUMMETPHYHO PACIIOJIOKEHHBIX BajiOB
OJIMHAKOBBI, & TAKXKE OJJMHAKOBBI YIJIbl Y U KOA(PPUIIUEHTHI YIIPYTOCTH OCHOBAHUH.
BcenenctBue storo coBmectHas aedopmarus u3ruda BajoB OMUCHIBAETCS CUCTe-

Mot nuddepeHITMaNbHBIX YPAaBHCHUIA

{ El,d*uy/dz* + 2y (uy cosy — Vv, siny) cosy = 0
(14)

El,d*v,/dz* + 2y (Vv siny — u; cosy) siny =0



CoHIBUY - 3JIEMEHT YETHIPEXBAJIKOBOTO MOAYJISI C PACIIOIOKEHUEM OCEH POMOOM
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CoHIBHY - 3IEMEHT 9-TH BAJIKOBOT'O MOJYJISl, OCH KOTOPOr'O PACIOJIOKEHbI B

OIIHOﬁ INIOCKOCTH IIPCACTABJICH Ha Puc. 9.

CBHI[BI/ILI - OJICMCHT IIITUBAJIKOBOI'O MOIYJIA B OI[HOf/JI IIJIIOCKOCTH

©
10 o (3
:ﬂx.':i
&
8 7 M@
%7
G
6 - M=
3
€
4 3 }J(J}
x3
@
2 1
= (1) (1)
F}.-l \"Ix 1

Puc. 9.



CoBmecTHas nedopmanivs n3ruda BajgoB OMHUCHIBAaETCs cucteMoil nuddepen-

LAAJIBHBIX YPABHEHUN

El,d*va/dz* + 3, (V1 — Vo) =0
E|2d4V2/dZ4 + Y12 (V2 — V]_) + X2 (Vg - V3) =0
3 E|3d4V3/dZ4 + Y2 (V3 — V2) + X4 (V3 - V4)= 0 (15)

E|4d4V3/dZ4 + YAas (V4 — V3) + Nas (V4 - V5)= 0

L Elsd*vs/dz* + yus (Vs —v4) =0

BriBoaEL.

[IpumeHeHne NpEeNCTaBICHHBIX MATEMAaTUYECKUX MOJEJIEH TIO3BOJIAET MC-
M0JIb30BaTh €IWHBIN aJTOPUTM CHJIOBOTO pPACYETa BAJIKOBBIX MOIYJIEH C BajlaMu
MPOU3BOJILHOTO KOHCTPYKTUBHOTO O(GOPMIICHUS HAa OCHOBE TOIMOJOTHYECKOTO

OIIMCaHUS KOHCTPYKIIUHU.
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